A theory of earthquake input energy to building structures under single impulse is useful for disclosing the property of energy transfer function. This property shows that the area of the energy transfer function is constant irrespective of natural period and damping of building structures. However, single impulse may be unrealistic from a certain viewpoint because the frequency characteristic of input cannot be expressed by this input. In order to resolve such issue, a double impulse is introduced in this paper. The frequency characteristic of the Fourier amplitude of the double impulse is found in an explicit manner and a critical excitation problem is formulated with an interval of two impulses as a variable. The solution to that critical excitation problem is derived. An upper bound of the earthquake input energy is then derived by taking full advantage of the property of the energy transfer function that the area of the energy transfer function is constant. The relation of the double impulse to the corresponding one-cycle sinusoidal wave as a representative of near-fault pulse-type waves is also investigated.
Introduction
In the history of seismic resistant design of building structures, the earthquake input energy has played an important role together with deformation and acceleration (for example, Housner, 1959 Housner, , 1975 Berg and Thomaides, 1960; Housner and Jennings, 1975; Zahrah and Hall, 1984; Akiyama, 1985; Ohi et al., 1985; Uang and Bertero, 1990; Leger and Dussault, 1992; Fajfar and Vidic, 1994; Kuwamura et al., 1994; Riddell and Garcia, 2001; Trifunac et al., 2001; Takewaki, 2004a,b; Trifunac, 2008) . While deformation and acceleration can predict and evaluate the performance of a building structure mainly for serviceability, the energy can evaluate the performance of a building structure mainly for safety. Especially, energy is appropriate for describing the performance of building structures of different sizes in a unified manner because energy is a global index different from deformation and acceleration as local indices.
Compared with most of the previous works dealing with time histories, the earthquake input energy is formulated here in the frequency domain (Lyon, 1975; Ordaz et al., 2003; Takewaki, 2004a Takewaki, ,b, 2005a Takewaki and Fujita, 2009; Kojima et al., 2015) to enable the derivation of bound of earthquake input energy, which is useful for the design of building structures under uncertain conditions. Another advantageous feature to introduce the upper bound of input energy is to avoid the infinite numerical integration required in the frequency-domain formulation (Kojima et al., 2015) . When the structure becomes stiffer, the contribution from higher excitation frequencies is not negligible (a smaller time increment is required in the time domain). In such a case, the avoidance of the infinite numerical integration in the frequency domain may be useful.
A theory of earthquake input energy to building structures under single impulse has been shown to be useful for disclosing the property of energy transfer function (Takewaki, 2004a) . This property means that the area of the energy transfer function is constant. The property of the energy transfer function similar to the case of a simple single-degree-of-freedom (SDOF) model has also been clarified for a swaying-rocking model. By using this property, the mechanism of earthquake input energy to the swaying-rocking model including the soil amplification has been made clear under the input of single impulse (Kojima et al., 2015) . However, single impulse may be unrealistic because the frequency characteristic of input cannot be expressed by this input. In order to resolve such issue, double impulse is introduced in this paper.
The double impulse represents a simplified version of near-fault pulse-type waves. For this class of ground motions, many useful research works have been conducted. Mavroeidis and Papageorgiou (2003) investigated the characteristics of this class of ground motions in detail and proposed some simple models (for example, Gabor wavelet and Berlage wavelet). Xu et al. (2007) employed a kind of Berlage wavelet and applied it to the performance evaluation of passive energy dissipation systems. Takewaki and Tsujimoto (2011) used the Xu's approach and proposed a method for scaling ground motions from the viewpoints of drift and input energy demand. Takewaki et al. (2012) employed a sinusoidal wave for pulse-type waves. In this paper, a one-cycle sinusoidal wave is employed as a representative of near-fault pulse-type waves and is compared with the double impulse.
The frequency characteristic of the Fourier amplitude of the double impulse is found in an explicit manner and a critical excitation problem is formulated with an interval of two impulses as a variable. The solution to that critical excitation problem is then derived. An upper bound and a narrower upper bound of the earthquake input energy are derived by taking full advantage of the property of the energy transfer function that the area of the energy transfer function is constant. The narrower upper bound enables the evaluation of the upper bound of the earthquake input energy without infinite integration. Only a linear elastic response of an SDOF model is considered here for the introduction of the frequency-domain approach.
Earthquake Input Energy in Frequency Domain
Consider a damped linear SDOF system of mass m, stiffness k, and damping coefficient c as shown in Figure 1 .
, and x denote the undamped natural circular frequency, the damping ratio, and the displacement of the mass relative to the ground, respectively. The time derivative is denoted by an over-dot. The input energy to this SDOF system by a unidirectional ground accelerationüg(t) from t = 0 to t = t 0 (end of input) can be defined by the work made by the ground on the structural system and is expressed by
Free-body diagram The term m(üg +ẍ) indicates the inertial force with minus sign and is equal to the sum of the restoring force kx of the spring and the damping force cẋ of the dashpot in the system. Integration by parts of Eq. (1) provides
If the initial and terminal conditions are expressed byẋ = 0 at t = 0 andug = 0 at t = 0 and t = t 0 , the input energy can be reduced to the following form:
It is known (Page, 1952; Lyon, 1975; Ordaz et al., 2003; Takewaki, 2004a Takewaki, ,b, 2005a Takewaki and Fujita, 2009; Kojima et al., 2015) that the input energy per unit mass can also be expressed in the frequency domain by use of Fourier and inverse Fourier transformations. The energy transfer function F(ω) can then be expressed by
Equation (4) indicates that the earthquake input energy to a damped linear elastic SDOF system does not depend on the phase property of input motions and this fact is well known (Page, 1952; Lyon, 1975; Kuwamura et al., 1994; Ordaz et al., 2003; Takewaki, 2004a Takewaki, ,b, 2005a Takewaki and Fujita, 2009; Kojima et al., 2015) . It can also be understood from Eq. (4) that the function F(ω) defined in Eq. (6) plays an important role in the evaluation of the earthquake input energy and may have some influence on the investigation of constancy property of the earthquake input energy for structures with various model parameters (natural period and damping ratio). The functions F(ω) for various natural periods T = 0.5, 1.0, 2.0 s and damping ratios h = 0.05, 0.20 are plotted in Figure 2 . It is noteworthy that the area of F(ω) can be proved to be constant regardless of Ω and h. This fact for any damping ratio has already been pointed out by Ordaz et al. (2003) . Its proof has been presented by Takewaki (2004a) and the property is shown in the following section.
Property of Energy Transfer Function
Consider the earthquake input energy to the SDOF model subjected to single impulseüg(t) = Vδ(t) with Ü g(ω) = V, where δ(t) is the Dirac delta function. From Eq. (4), this earthquake input energy in a normalized form can be evaluated by
Equation (7) can be proved by taking into account that single impulseüg(t) = Vδ(t) with Ü g(ω) = V is equivalent to the impulsive loading with the initial velocity of V in time domain (Takewaki, 2004a ). Another proof may be possible with the help of the residue theorem (Ordaz et al., 2003; Takewaki, 2004a) . This property of Eq. (7) will be used effectively in deriving the upper bounds of input energy subjected to double impulse in the Section "Bounds of Earthquake Input Energy to SDOF System Subjected to Double Impulse. " 
Double Impulse Input
Consider a ground motion accelerationüg(t) as double impulse, as shown in Figure 3A , expressed bÿ
where V is the given initial velocity and t 0 = π/ω 0 (ω 0 : interval circular frequency) is the time interval between two impulses. The comparison with the corresponding one-cycle sinusoidal wave is also plotted in Figure 3A . The application of the double impulse and one-cycle sinusoidal wave to an actual recorded ground motion (NS-component at Kobe University during 1995 Hyogoken-Nanbu earthquake) is shown in Figure 3B . It can be observed that a one-cycle sinusoidal wave of a predominant period 1.2 s can be a good substitute of a part of this recorded ground motion. The corresponding velocity and displacement of such double impulse are plotted in Figure 4 . The Fourier transform of ug(t) can be derived as
The squared Fourier amplitude of the double impulse can then be computed as 
Earthquake Input Energy by Double Impulse and the Corresponding Critical Excitation Problem
The substitution of Eq. (10) into Eq. (4) leads to
The critical excitation problem (Drenick, 1970; Takewaki, 2001a Takewaki, , 2013 Abbas and Manohar, 2002; Moustafa et al., 2010) can be formulated as [Critical Excitation Problem] : Find the double impulse interval t 0 for the fixed double impulse velocity V so as to maximize the earthquake input energy E I /(mV 2 ). By using F(ω) = 0 at ω = 0, ω→∞ and the integration by parts,
it can be shown that
Then, the normalized earthquake input energy E I /(mV 2 ) with respect to t 0 can be sketched as shown in Figure 5 . The wavy property comes from the timing of the correspondence of peaks of the energy transfer function F(ω) and the normalized squared Fourier amplitude (2 − 2cosωt 0 ) of the double impulse shown in Figure 6 .
The condition to characterize the critical value t 0 maximizing the earthquake input energy can be described as
FIGURE 5 | Property of function E I /(mV 2 ) with respect to t 0 .
This is the stationarity condition and the condition is expressed more explicitly by expanding the manipulation in Eq. (13) as follows.
The solution to the present critical excitation problem can be obtained as the first peak of E I /(mV 2 ) as shown in Figure 5 . Figures 6A-C show two examples of the relation of energy transfer function with the normalized squared Fourier amplitude of ground motion (double impulse: t 0 = 1.0 s). The normalized squared Fourier amplitude of the corresponding one-cycle sinusoidal wave is also plotted in Figure 6C . The normalization has been done for the square V 2 of velocity amplitude. It can be understood that the double impulse is a good substitute of a onecycle sinusoidal wave except the amplitude within a certain range. Since the first peak plays an important role as shown later (see "Numerical Example"), this limited correspondence is sufficient for the present formulation. It is further observed that the onecycle sinusoidal wave exhibits a frequency characteristic slightly shorter than that for the double impulse. This is because, zero initial conditions of velocity and displacement are used for the onecycle sinusoidal wave and the period of velocity and displacement waves become slightly shorter than that of the acceleration.
Bounds of Earthquake Input Energy to SDOF System Subjected to Double Impulse
Uncertainties exist in the Fourier amplitude of the double impulse. For example, the value V in Eq. (8) original one. It is therefore meaningful to discuss the upper bound of the earthquake input energy to the SDOF system. Consider the bounds of the scaled earthquake input energy defined by Eq. (11). Since the energy transfer function F(ω) in Eq. (6) is usually positive, it is sufficient to discuss the envelope function of Ü g(ω)
2 .
Let E U I andÊ I denote the upper bound and the proposed narrower upper bound of the earthquake input energy using a narrower bound of Fourier amplitude (see Figure 7) . E U I andÊ I can then be derived as follows:
In Eq. (15b), ω U denotes the upper limit of circular frequency for computation of integration shown in Figure 7 . The term {4 − (2 − 2cosωt 0 )} in Eq. (15b) indicates the shaded portion in Figure 7 . The validity of inequality in Eq. (15b) can be proven by the property of F(ω) as a positive function and the relation 0 ≤ 2 − 2 cos ωt 0 ≤ 4. The positivity of F(ω) can be shown from the fact that, if some parts of F(ω) are negative, it contradicts the positivity of the energy consumption (total input energy) in the SDOF model subjected to an infinitely long sinusoidal ground motion expressed by a Dirac delta function at the corresponding frequency. Equation (15b) enables the evaluation of the upper bound of the scaled earthquake input energy without infinite integration by taking full advantage of Eq. (7).
Numerical Example
The validity of the solution to the critical excitation problem shown in the Section "Double Impulse Input" and the accuracy of the upper bound derived in the Section "Earthquake Input Energy by Double Impulse and the Corresponding Critical Excitation Problem" are demonstrated here. The accuracy of the frequencydomain formulation in the computation of earthquake input energy was demonstrated by Ordaz et al. (2003) and Takewaki (2004b) through the comparison with the result by the timedomain formulation. Figure 8 shows the normalized input energy E I /(mV 2 ) with respect to t 0 for the SDOF model of Ω = 2π rad/s and h = 0.05 under the double impulse and the corresponding one-cycle sinusoidal wave. The principal property for the one-cycle sinusoidal wave can be captured by the double impulse except the amplitude (i.e., the critical period of the one-cycle sinusoidal wave can be obtained within a good approximation). The amplitudes depend on the normalization of both inputs and their difference does not cause any difficulty because the principal objective is to obtain the critical period of the one-cycle sinusoidal wave and the critical interval of the double impulse. In addition, a slightly shorter period characteristic can be observed for the onecycle sinusoidal wave. This phenomenon results from the fact explained in Figure 6 . It should be noted that the SDOF structural model is fixed as explained just before, and the interval of the double impulse is varied for finding the critical interval. During the variation of the interval, the velocity amplitude V is kept constant. Such a treatment of variation of the interval may be difficult for recorded ground motions because the amplitude of acceleration has to be changed depending on the interval for the constant velocity amplitude. It can be observed that E I /(mV 2 ) exhibits the maximum value approximately at t 0 = 0.5 s because From the practical point of view, t 0 should be set between 0.25 and 2 s in order to express the characteristic period between 0.5 and 4 s of pulse-type waves. Figure 9 illustrates the convergence of E I /(mV 2 ) with respect to ωmax, the upper bound of circular frequency for numerical integration. It can be understood that ωmax = 20 rad/s is almost sufficient for the estimation of the maximum value, which occurs approximately at t 0 = 0.5 s in this case. On the other hand, ωmax = 100 rad/s is necessary for the estimation of the local minimum value, which occurs approximately at t 0 = 1.0 s. This difference may result from the fact that, while the error is relatively large at the local minimum point, the error is relatively small at the maximum point. Since only the maximum point is meaningful, the large setting of ωmax for the local minimum value of earthquake input energy does not cause any problem. 
Conclusion
The conclusions may be summarized as follows:
(1) When the ground motion is white-like (constant Fourier amplitude spectrum), the input energy to the structure is constant regardless of the natural period and damping ratio of the structure, i.e., input energy constant property. This input corresponds to single pulse. The input energy constant property can be proved by considering the physical meaning of the constant Fourier spectrum of the input ground motion in the time domain, i.e., the input of initial velocity at zero time. (2) Double impulse is more realistic because the input frequency characteristic can be introduced. A critical excitation problem with an interval of two impulses as a variable can be formulated in the frequency domain and the solution to that critical excitation problem can be derived by drawing the graph of the normalized earthquake input energy with respect to the interval of two impulses. The solution to the present critical excitation problem can be obtained as the first peak of the normalized earthquake input energy. (3) An upper bound and a narrower upper bound of the earthquake input energy to a SDOF model under double impulse input can be derived by taking full advantage of the property of the energy transfer function that the area of the energy transfer function is constant (input energy constant property) and introducing the envelope function in the Fourier transform of the double impulse input. The narrower upper bound enables the evaluation of the upper bound of the normalized earthquake input energy without infinite integration. (4) Numerical examples demonstrate that the double impulse represents a one-cycle sinusoidal wave as an approximation of near-fault ground motions and can capture the critical property of near-fault ground motions (i.e., the critical period of the one-cycle sinusoidal wave can be obtained within a good approximation). Furthermore, the proposed upper bound of earthquake input energy can converge to an exact value as the upper limit of frequency ω U for numerical integration becomes larger.
Only elastic structures have been treated for simple presentation of the theory and the present method takes advantage of the energy transfer function approach, which can be used for elastic structures. An equivalent linearization technique (Caughey, 1960; Roberts and Spanos, 1990; Takewaki, 2001b ) may be promising for inelastic structures. This formulation will be presented in the future.
